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Abstract 
The action of the quadratic map f (x )  = x 2 on the multiplicative groups Fp of the prime fields 
is examined in terms of an associated irected graph that sends an edge from each element o 
its image. A formula is given for the decomposition of the graph into cyclic components and 
their attached trees. The number of components c(p) (called the connectivity of the prime p) 
is shown to take on certain values, assuming various hypotheses. 
I. Introduction 
This note studies the action of the quadratic mapping f (x )= x 2 on the prime field 
Fp, as visualized in the associated graph whose vertices are the elements of the field, 
with an edge directed from x to f (x )  for each x E Fp. The problem is to examine 
the effect of modular arithmetic on this simple mapping, and to determine the numbers 
and the orders of the attracting cycles. There is a certain intricacy and beauty in the 
array of graphs, and for several years I have appended the topic as a kind of postscript 
to my talks on discrete dynamical systems. It is widely known, and trivial to prove, 
that the graph of the nonzero elements is a tree attached to the loop at 1 when p is 
a Fermat prime, and conversely, if there is only one cycle then p must be a Fermat 
prime. More generally, this note furnishes a decomposition formula valid for any prime, 
which amounts essentially to an elementary theorem about cyclic groups. 
Since f (0 )  = 0 has no other preimages in Fp it suffices to restrict f to the mul- 
tiplicative group F~, which is cyclic. Fp decomposes into components each of which 
consists of those elements which eventually map onto the periodic orbits. The formula 
enables one to count the number of cycles, their periods, and the tree structure. Here 
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is a typical result: If q is an odd prime such that p = 2hq + 1 is prime for some h and 
2 is a primitive root modulo q, then U:p decomposes into two cycles whose elements 
(vertices) have a copy of the same binary tree of height h attached. The fact that the 
trees are isomorphic (as graphs) is a basic property of any endomorphism acting on 
a finite abelian group (Fitting's lemma), a result which places the phenomenon i a 
reasonably general setting. 
A question of basic interest is, given an integer n, are there infinitely many primes p 
such that ~:p decomposes into exactly n components? The problem as it stands seems 
difficult. For example, assuming the truth of Artin's conjecture on primitive roots, there 
are infinitely many primes with connectivity 2. 
This paper seemed to evolve from previous ones [8,6] which study the structure of 
the set of periodic orbits on finite sets or sequence spaces; in particular, in [8] the num- 
ber of transitive unimodal permutations of { 1,2 . . . . .  n} is counted (and a bijection is 
found with the bifurcations of stable periodic orbits of the quadratic family x ~ x 2 + c 
on ~). 
2. The graph of a map 
Let f :  G ~ G be a map of a finite set into itself. The path of x relative to f is 
the directed graph whose vertices are the elements of the f-orbit of x, with an edge 
directed from an element o its image. The path of a periodic element x = f~(x) is a 
(directed) cycle and, in particular, the path of a fixed point is a loop. To any cyclic 
vertex y there is an attached tree (possibly empty) whose vertices are all the elements 
not in the cycle which map eventually to y. The graph of G relative to f is the union, 
denoted graph(G), of the paths of G; for simplicity, we suppress the dependence on f 
in this notation. Alternatively, graph(G) is the directed graph whose vertices are the 
elements of G with a directed edge from x to f (x )  for all x E G. 
The graph is a visualization of the decomposition of G by the map into compo- 
nents, consisting of disjoint cycles and their attached trees. Any map imposes, after the 
fact, a definite combinatorial/topological structure on a set, and there is a sense that 
we may use maps to explore sets. All this becomes interesting when G is a group. 
For example, if f :  G ~ G is an endomorphism, to what extent does graph(G) 
determine G? 
3. Maps on groups 
Consider now the situation where G is a finite abelian group and let f : G --~ G be an 
endomorphism, f is nilpotent if there exists an integer i such that f i (x)= 1 for all x E G, 
in which case graph (G) is a directed tree attached to the loop at the fixed point 1. 
More generally, let f be an arbitrary endomorphism of G, and let n be the least 
integer such that ker fn ___ ker F +1 . Then by Fitting's lemma [J], G = ker f~× im f~ = 
K × L, say. Moreover, f maps K and L onto themselves, f ix  is nilpotent of degree n, 
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and flL is an automorphism. Let g = kf E G where k E K and f E L. Then f i (g)  = 
f i (k)f i (E).  The path of k terminates at the loop at 1, the path of f is a cycle, and so 
the path of kf is easily seen to consist of a linear path directed to and including the 
cycle whose f-orbit is ~. Finally, graph(G) consists of all the cycles of flL to each 
vertex of which is attached a copy of the tree associated to f lK. 
Thus for an endomorphism, Fitting's lemma guarantees the simplest possible graph: 
all the trees attached to the vertices of all the cycles are the same. This homogeneity 
leads one to concentrate on determining the cycles, their periods and their numbers. 
4. A decomposition formula 
For an abelian group the nth power map x ~ x n is an endomorphism. (A nice 
example from number theory [7] is the automorphism x ~ x 3 on Fp, where the prime 
p ~ 1 (mod 3), whose decomposition of 0:p into cycles plays a role in the proof of 
the number of projective solutions of x 3 + y3 4- z 3 = 0 in 0:p.) 
In the following we concentrate on the example of the quadratic map f (x )  --- x 2 de- 
fined on a cyclic group, with particular interest directed to the case of the multiplicative 
group 0:p of a prime field. 
Result. Let Cm denote the cyclic group of order m, and suppose that m is odd. Then 
graph ( Cm) relative to f is the disjoint union 
graph (Cm) = U (tr(Ordd2) V. . .  tA tr(Ordd2)), 
dim (p(d)~ord a2
where tr(E) is the cycle of length f, ¢p(d) is Euler's tp function and orda2 is the order 
of 2 modd. 
Proof. Let G = Cm. Since m is odd, f (x )  = x 2 is an automorphism of G. We may 
express G as a disjoint union G = Vdlm Gd, where Gd is the set of elements of order 
d in G. It's easy to check that f is a permutation of each Gd, and so for x E Gd there 
exists an integer f such that f t (x )  = x 2~ = x. But then d[2 t -  1, and so 2 ~ -- 1 (modd) 
which implies that Ordd21f. Hence each Gd is the disjoint union of cycles of length 
Ordd2. Finally, since IGdl ---- ~0(d) we have the formula. [] 
From the fact that the group of automorphisms of 0:2m is cyclic of order m, generated 
by the Frobenius automorphism x ~ x 2, it can be verified that when m is odd there 
is a bijection between the cycles of graph(C,,) and the irreducible factors of x m - 1 
over Dr2; under this correspondence the cycle length corresponds to the degree of the 
irreducible factor [3, Ch. 5] 
More generally, for an arbitrary cyclic group Cn we have the following decomposition 
theorem. 
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Table I 
p 3 5 7 11 13 17 19 23 29 31 37 41 43 47 
c(p) 1 1 2 2 2 1 3 2 3 5 3 2 6 3 
k 1 2 1 1 2 4 1 1 2 1 2 3 1 1 
Theorem. Let n = 2km where m & odd. Then 
graph(C,) = [ J(a(Ordd2,k) U.. .  tA a(ordd2,k)), 
V ~  
where a(E,k) consists o f  a cycle o f  length ~ with a copy o f  the binary tree Tk o f  
height k attached to each vertex. 
Proof. The graph (C2k) relative to f is easy to describe. The equation fe (x )  = x 2~ = 1 
has 2 e distinct solutions for v e = 1 . . . . .  k -  1 and one easily concludes that graph (C2k) 
is a binary tree of height k directed own and attached to the loop at 1. Since m is odd, 
Cn = C2~ × Cm and the proof follows immediately from this fact and the representation 
of graph(Cm). [] 
For any positive integer n let ?(n) denote the number of cycles in graph (Cn) relative 
to f .  Then from the decomposition theorem we obtain the formula 
7(n) = ~ tp(d) 
ord d2' 
where n = 2km and m is odd. The number of cycles then depends only on the odd 
factor m of n. Call ?(n) the connectivity of C, relative to f .  Then ?(n) = ?(m) and 
d(m) <~ ?(m)<~m/2 where d is the number of divisors of m. 
The remainder of the paper examines easy consequences of the connectivity formula 
as applied to the prime fields. 
5. Graph (F~) 
Let p be an odd prime, and let p -  1 = 2km where m is odd. The multiplicative group 
Q:p is cyclic of order p -  1, and we let c(p)  denote the connectivity (number of cycles) 
of 0:p relative to f .  Then c(p)  = ?(p - l) = ?(m), and it seems convenient to think 
of c(p)  as the connectivity o f  the prime p (= connectivity of Cp-i = connectivity 
of Cm). Fig. 1 shows graph(D:p) for the first few primes p, and the dhta (k stands for 
the height of the attached tree) are summarized in Table 1. 
The question which naturally arises, given an integer n, is whether there are infinitely 
many primes p such that n = c(p).  From the decomposition formula, the problem 
in general seems difficult, involving as it does the distribution of the primes. In the 
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Fig. 1. The graphs(F~) denoted Gp for primes 3~<p~<47. The vertices are the elements of F~ with an edge 
directed from x to x 2 (arrowheads omitted). 
following we say a few things about some special cases. The main references are 
Ribenboim [4] and Sierpinski [5]. 
Connectivity 1 is easy to describe: from the formula c(p)  = 7(P - 1) = 1 if and 
only if m = 1 which implies that p = 2 k + 1 and so p is a Fermat prime. 
The question for connectivity 2 is more likely to have a positive answer, and brings 
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Fig. 1. Continued. 
out various connections between pairs of  primes. Let q be an odd prime, suppose that 
there is an integer k such that p = 2kq+l  is prime and suppose that 2 is a primitive root 
modulo q (all o f  the instances e(p) = 2 of  the table satisfy these assumptions). Then 
e(p) = 2 (proof: c(p) = ),(q) = 1 +tp(q)/(ord q2) = 2 in this case). Therefore assuming 
T.D. Rogers l Discrete Mathematics 148 (1996) 317-324 323 
Artin's conjecture about primitive roots modulo a prime, c(p)  = 2 for infinitely many 
primes p, and from Heath-Brown's theorem, this seems likely to be true. We remark 
that Artin's hypothesis can be deduced from the Conjecture H of Schinzel[5, p. 274]. 
Notice that when q is a Sophie Germain prime, p --- 2q + 1 is prime and so if 2 is 
a primitive root modulo q, the connectivity of p is 2 and the trees attached to the two 
cycles have height 1 (like a ship's wheel). A similar configuration is easily seen to 
be attained when p is a Mersenne prime. More generally, from Dirichlet's theorem on 
primes in arithmetic progression, given k >/1 there are infinitely many integers m such 
that p -- 2km + 1 is prime, which implies there are infinitely many ~:p whose graphs 
relative to f have attached trees with minimum height k. 
If q is an odd prime and 2 is a primitive root modulo q2, then 2 is a primitive 
root modq ~ for all ~ = 1,2 .... (and 2 q-I ~ 1 (modq2), so that q is not a Wieferich 
prime; see [4, p. 263]). If p = 2kq r-1 q- 1 is prime for some integers k and r then 
q~(q~) = ordq~2 for all ~>~ 1 and the decomposition formula yields in this case 
c(p)  = 7(q r - l )  -- r. 
These conditions then suggest in an obvious way sufficient conditions that there exist 
infinitely many primes with connectivity r. If one assumes only that q is not a Wieferich 
prime, then the highest power of q which divides 2 °rdq2 - 1 is q. This implies that 
ordq~2 = q~-lordq2 for all ct~> 1. Then if p = 2kq r-I + 1 is prime, the connectivity 
of p is easily calculated, more generally, to be 
q -1  
c(p)  = l + O-~q2 (r - l). 
The Wieferich primes also arise in the following context: To what extent does 
graph (G) (as in Fig. 1) determine G? If G is an abelian group of order n, and n 
is not the square of a Wieferich prime, then Bryant proved that the isomorphism type 
of G is entirely determined by its graph relative to f ,  i.e., its table of squares (the 
first Wieferich prime is 1093; the second 3511) [1]. 
Stronger assumptions than Artin's hypothesis (for example, Dickson's conjecture on 
systems of linear congruences) are likely to lead to a deeper understanding about the 
connectivity of primes, but we will not pursue these consequences here, 'lest we end 
up with as many hypotheses as there are phenomena to be explained.' 
The niceness of the graphs of ~:p depends on f being an endomorphism of the 
multiplicative group. (I. Passi pointed out to me that the extent o which f fails to be 
a field endomorphism is reflected in the identity f (x  + y)  - f (x )  - f (y )  = 2xy, and 
the extent o which it succeeds by the identity f (x  + y + z) - f (x  + y)  - f (y  + z) - 
f (x  + z) + f (x )  + f (y )  + f ( z )  = 0.) The family of nonlinear maps given by f (x )  = 
x 2 + c, x E Q:p, for nonzero values of the parameter c E IFp, produces graphs whose 
tree structure (graphically, the transients leading down to the cycles) seems beyond 
description; in general the trees attached to the cycles are of variable height, and even 
those trees attached to the same cycle vary. 
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